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We clarify the relation between the vertex operators in type IIB matrix model and superstring.
Green-Schwarz light-cone closed superstring theory is obtained from IIB matrix model on two di-
mensional noncommutative backgrounds. Superstring vertex operators should be reproduced from
those of IIB matrix model through this connection. Indeed, we confirm that supergravity vertex
operators in IIB matrix model on the two dimensional backgrounds reduce to those in superstring
theory. Noncommutativity plays an important role in our identification. Through this correspon-
dence, we can reproduce superstring scattering amplitudes from IIB matrix model.
I. INTRODUCTION
String theory is perturbatively reproduced from type
IIB matrix model [1] via two dimensional noncommuta-
tive (NC) N = 8 supersymmetric gauge theory [2, 3, 4]
in the IR limit [5]. The emergent string theory is Green-
Schwarz (GS) type IIA superstring theory with light-cone
gauge [6], which is also derived from commutative N = 8
super Yang-Mills [7].
In the two dimensional gauge theory, the IR limit cor-
responds to the strong coupling limit since the gauge cou-
pling has dimension (length)−1. Dijkgraaf, Verlinde and
Verlinde have shown that the IR limit corresponds to the
free string limit. This logic is applicable to our case and
actually we have derived the free Green-Schwarz string
action from NC gauge theory by taking the strong cou-
pling limit [5]. We emphasize here that the strong cou-
pling limit (the IR limit) of NC gauge theory is the free
string limit, not the low energy limit of Green-Schwarz
string theory.
The winding number w is reinterpreted as a light-cone
momentum p+ in a T-dual interpretation. In NC gauge
theory, such a duality is realized by identifying the mo-
mentum with the longitudinal coordinates. In our pro-
cedure, noncommutativity θ plays a crucial role to re-
produce the worldsheet action. It is identified with the
string scale α′ in the process of derivation.
Noncommutativity in NC gauge theory gives rise to
various novel properties in comparison with the commu-
tative gauge theory. Among them, we quote the follow-
ing two aspects. The first property is the regularization
of UV divergence, which gives rise to the UV/IR mix-
ing effect [8]. The qualitative behavior of the correlation
functions, such as the power of the momentum depen-
dence, is affected by the existence of noncommutativity.
The second property is the introduction of the scale in
the theory. Since there are no scale parameters in the
∗Electronic address: kitazawa@post.kek.jp
†Electronic address: nagaoka@post.kek.jp
action of IIB matrix model, the noncommutativity could
provide a fundamental scale in the emergent theory. We
have indeed identified the scale in NC gauge theory with
the string scale in the previous paper [5]. Since the NC
scale sets the eigenvalue density of the matrices, our iden-
tification of the string scale is consistent with [9].
In order to reveal the perturbative superstring picture
in IIB matrix model more explicitly, it is important to
demonstrate the procedure to calculate the superstring
scattering amplitude from IIB matrix model. Since there
is an open/closed duality in string theory, closed string
theory will be naturally included in IIB matrix model.
The massless sector of type II closed superstring con-
sists of the supergravity multiplet. Supergravity controls
the behavior of long range forces. The coupling between
the fields in the supergravity multiplet and the opera-
tors in IIB matrix model has been clarified through the
construction of the relevant vertex operators. The vertex
operators for the supergravity multiplet are determined
uniquely by the maximal N = 2 supersymmetry trans-
formation in IIB matrix model [10, 11, 12]. These op-
erators are constructed in [10] in the first study, where
the wave functions are introduced as the representations
of supergravity multiplet. In [11], the vertex operators
are investigated further by expanding the supersymmet-
ric Wilson loop operators [13]. In [12], the vertex opera-
tors are constructed up to the six-th order of Majorana-
Weyl spinor λ. Since the algebraic calculation is very
complicated, the complete structure of the vertex opera-
tors is not yet determined, but the vertex operators for
the conjugate gravitino and two-form antisymmetric field
are completely determined.
In this paper, we compare the IIB matrix model ver-
tex operators on the two dimensional backgrounds with
those in superstring. As we have derived supersymmetry
transformation of GS light-cone superstring from IIB ma-
trix model on the two dimensional backgrounds [5], we
can reconstruct the superstring vertex operators based
on the symmetry. In such a sense, this comparison can
be regarded as a consistency check of the IIB matrix
model vertex operator construction. Through this cor-
respondence, we can reproduce the physical superstring
2scattering amplitudes from IIB matrix model.
In section IIA, we review the supergravity vertex oper-
ators in IIB matrix model, which was constructed in [12].
In section II B, we review the closed superstring vertex
operator construction of GS light-cone superstring the-
ory. In section II C, we review the derivation of GS light-
cone superstring action from IIB matrix model, which is
carried out in the previous paper [5]. The derivation of
supersymmetry transformation for GS light-cone super-
string from IIB matrix model is also shown. The main
investigation is carried out in section III where the ver-
tex operators of IIB matrix model on the two dimensional
NC backgrounds are analyzed. We verify that these op-
erators are equivalent to superstring vertex operators.
Section IV is devoted to the conclusion. Light-cone open
superstring vertex operators are shown in appendix A.
In the appendix B, we construct type IIA closed string
states in a radial quantization procedure. By this con-
struction, we can directly calculate the scattering ampli-
tude from IIB matrix model.
II. VERTEX OPERATORS AND
SUPERSYMMETRY TRANSFORMATION
A. Vertex operators in type IIB matrix model
The Wilson loops are the vertex operators in IIB
matrix model [14]. The gauge invariant observables
in noncommutative gauge theory are the Wilson lines
[15, 16, 17] which are obtained from the Wilson loops
in matrix models. The behavior of closed string modes
can be read from the correlation functions between the
Wilson lines. The various properties of NC gauge the-
ory are investigated so far, especially on homogeneous
spaces [18, 19, 20]. In four dimensional backgrounds, the
behavior of graviton propagators is investigated in detail
through the vertex operators [21].
The vertex operators for the supergravity multiplet are
constructed in [12]. These operators are linearly coupled
to the supergravity fields and related with each other
through the supersymmetry transformation. The result
which has been known up to now is summarized as fol-
lows. Aµ (µ = 0, 1, · · · , 9) and ψ are N × N Hermi-
tian matrices and ψ is a ten dimensional Majorana-Weyl
spinor.
• Vertex operator for dilaton Φ:
V Φ = Streik·A , (II.1)
where the symmetric trace Str is defined as
StrO1O2eikA ≡
∫ 1
0
dαtrO1eiαkAO2ei(1−α)kA . (II.2)
• Vertex operator for dilatino Φ˜:
V Φ˜ = Streik·Aψ¯ . (II.3)
• Vertex operator for the second rank antisymmetric
tensor field Bµν :
V Bµν = Stre
ik·A
(
1
16
ψ¯ · k/Γµνψ − i
2
Fµν
)
, (II.4)
where
Fµν ≡ [Aµ, Aν ] . (II.5)
• Vertex operator for gravitino Ψµ:
V Ψµ = Stre
ik·A
(
− i
12
(ψ¯ · k/Γµνψ)− 2Fµν
)
· ψ¯Γν .
(II.6)
• Vertex operator for graviton hµν :
V hµν = Stre
ik·A
(
− 1
96
kρkσ(ψ¯ · Γ βµρ ψ) · (ψ¯ · Γνσβψ)
− i
4
kρψ¯ · Γρβ(µψ · F βν) +
1
2
ψ¯ · Γ(µ[Aν), ψ]
+2F ρµ · Fνρ
)
. (II.7)
• Vertex operator for the fourth rank antisymmetric
tensor Cµνρσ :
V Cµνρσ = Stre
ik·A
(
i
8 · 4!kαkγ(ψ¯ · Γ
α
[µνψ) · (ψ¯ · Γ γρσ]ψ)
+
i
3
ψ¯ · Γ[νρσ[ψ,Aµ]] + 1
4
F[µν · (ψ¯ · Γ γρσ]ψ)kγ
−iF[µν · Fρσ]
)
. (II.8)
• Vertex operator for the conjugate gravitino Ψcµ:
V Ψ
c
µ =
Streik·A
(
− i
2 · 5!k
λkτ (ψ¯ · Γµλσψ) · (ψ¯ · Γντσψ) · ψ¯Γν
+
1
24
kλ(ψ¯ · Γλµνψ) · ψ¯ΓνΓρσ · F ρσ
−1
6
kλ(ψ¯ · Γλαβψ) · ψ¯Γβ · Fαµ
+iψ¯Γµ[Aν , ψ]ψ¯Γ
ν − iFµν · Fρσ · ψ¯ΓνΓρσ
)
. (II.9)
• Vertex operator for the conjugate antisymmetric ten-
3sor field Bcµν :
V B
c
µν = Stre
ik·A(
− 1
8 · 6!k
λkτkα(ψ¯ · Γµλσψ) · (ψ¯ · Γγτσψ) · (ψ¯ · Γγανψ)
+
i
64
(ψ¯ · k/Γµαψ) · Fαβ(ψ¯ · k/Γβνψ)
+
i
16 · 4! (ψ¯ · k/Γ[µαψ) · (ψ¯ · k/Γ
ασψ) · Fσν]
− 1
32
ψ¯ · Γ[µ[Aσ, ψ] · (ψ¯ · k/Γσν]ψ)
− 1
64
(ψ¯ · k/Γ[µαψ) · ψ¯Γα[Aν], ψ]
+
i
4! · 32Ξµναβγ · (ψ¯ · Γ
αβγψ)
− i
64
[Aα, F
ατ ] · (ψ¯ · Γτµνψ)
+
1
64
(ψ¯ · Γµνρσλτ k/ψ) · F ρσ · Fλτ
+
1
16
(ψ¯ · Γρσk/ψ) · F ρσ · Fµν
−1
8
(ψ¯ · Γρσk/ψ) · Fµρ · F νσ + 1
8
(ψ¯ · Γ[µσk/ψ) · F σα · Fαν]
− 1
32
(ψ¯ · Γµνk/ψ) · F ρσ · Fσρ + i
4
ψ¯ · Γµνα[Aβ , ψ] · Fαβ
+
i
8
ψ¯ · Γρσ[µ[Aν], ψ] · F ρσ + i
4
ψ¯ · Γ(µ[Aρ), ψ] · F ρν
− i
4
ψ¯ · Γ(ν [Aρ), ψ] · F ρµ
−iFµρ · F ρσ · Fσν + i
4
Fµν · F ρσ · Fσρ
)
, (II.10)
where
Ξµνρστ = {ψα, ψβ}(Γ0Γµνρστ )αβ . (II.11)
The remaining vertex operators for the conjugate di-
latino and dilaton are only partly known.
• Vertex operator for the conjugate dilatino Φ˜c:
V Φ˜
c
= Streik·A(
1
8!
(ψ¯ · Γαγk/ψ) · (ψ¯ · Γγδk/ψ) · (ψ¯ · Γδβk/ψ) · ψ¯Γαβ
− i
2 · 5!F
µα · (ψ¯ · k/Γαβψ) · (ψ¯ · k/Γβνψ) · ψ¯Γµν
+ · · · − 1
8 · 4!F
µν · F ρσ(ψ¯ · Γµνρσλαβψ)kλ · ψ¯Γαβ
− 1
12
Fµα · Fαβ · (ψ¯ · k/Γβνψ) · ψ¯Γµν
− 1
24
Fµα · (ψ¯ · k/Γαβψ) · F βν · ψ¯Γµν
− 1
48
F ρσ · (ψ¯ · k/Γρσψ) · Fµν · ψ¯Γµν + · · ·
+ · · ·+ i
24
ψ¯ · ΓµνρσλτFµν · F ρσ · Fλτ
+iψ¯ · Γµν(Fµρ · F ρσ · Fσν − 1
4
F ρσ · Fσρ · Fµν)
)
.
(II.12)
• Vertex operator for the conjugate dilaton Φc:
V Φ
c
= Streik·A(
1
8 · 8!(ψ¯ · Γ
αγk/ψ) · (ψ¯ · Γγδk/ψ) · (ψ¯ · Γδβk/ψ) · (ψ¯ · Γαβk/ψ)
+ · · ·
+
i
48
(ψ¯ · Γµνρσλτ k/ψ) · Fµν · F ρσ · Fλτ
+[Aµ, ψ¯] · ΓρσΓνψ · Fµν · F ρσ
+
i
2
(ψ¯ · Γµνk/ψ) · (Fµρ · F ρσ · Fσν − 1
4
F ρσ · Fσρ · Fµν)
−(Fµν · F νρ · Fρσ · F σµ − 1
4
Fµν · F νµ · Fρσ · F σρ)
)
.
(II.13)
In these expressions, the Lorentz indices
µ, ν, ρ, σ, λ, τ, α, β, γ, δ run over 0, 1, · · · , 9.
B. Vertex operators in superstring theory
We review the construction of the vertex operators for
Green-Schwarz light-cone superstring. In the early 1980s,
Green and Schwarz investigated the light-cone gauge for-
malism of superstring theory. The vertex operators are
constructed in their formalism and the tree and one loop
amplitudes are calculated [6, 22, 23, 24].
The light-cone coordinates φi(τ, σ) decompose into the
sum of the right-moving and left-moving components
φRi (τ − σ) + φLi (τ + σ). Since the two sectors separately
describe the Fock space of open string states, closed
string states are given by the direct products of open
string states. Open string vertex operators are shown
in the appendix A. There are 16 × 16 = 256 massless
4states in type IIA(IIB) superstring theory. By the prod-
uct of two SO(8) representations, or two super Yang-
Mills multiplets, they are written as (left mover)×(right
mover)= (8v+8c)× (8v+8s) in type IIA superstring and
(8v + 8s) × (8v + 8s) in type IIB superstring. We focus
on IIA superstring in what follows.
8v × 8v sector
8v × 8v sector is decomposed into
8v × 8v = [0] + [2] + (2) = 1 + 28 + 35v , (II.14)
where [2] denotes the second rank antisymmetric tensor
field Bij and (2) denotes the symmetric traceless tensor
hij . [0] corresponds to the dilaton Φ.
The vertex operator for the symmetric traceless tensor
in type IIA superstring theory is given by 1
(Vij)h(k) = − 1
4πα′
∫
dτdσV B(i (
1
2
k, τ − σ)V Bj) (
1
2
k, τ + σ)
= − 1
4πα′
∫
dτdσ
(
φ˙
(i
Rφ˙
j)
L −
1
8
Γ
(il
abs
a
Rs
b
Rk
lφ˙
j)
L
−1
8
Γ
(jl
a˙b˙
sa˙Ls
b˙
Lk
lφ˙
i)
R
+
1
64
Γ
(il
abs
a
Rs
b
Rk
lΓ
j)m
a˙b˙
sa˙Ls
b˙
Lk
m
)
eikφ , (II.15)
where
(· · · )R ≡ (· · · )R(τ − σ) ,
(· · · )L ≡ (· · · )L(τ + σ) . (II.16)
V Bi and V
F
1a(V
F
2a˙) denote the bosonic and fermionic ver-
tex operators. The explicit form of these operators is
shown in the appendix A. The indices i, j, l,m run over
the transverse directions 2, · · · , 9. The vertex operator
for the second rank antisymmetric tensor is given by
(Vij)B(k) =
− 1
4πα′
∫
dτdσV B[i (
1
2
k, τ − σ)V Bj] (
1
2
k, τ + σ) . (II.17)
The vertex operator for dilaton is given by
VΦ(k) = − 1
4πα′
∫
dτdσV Bi (
1
2
k, τ − σ)V Bi (
1
2
k, τ + σ)
= − 1
4πα′
∫
dτdσ
(
φ˙iRφ˙
i
L −
1
8
Γilabs
a
Rs
b
Rk
lφ˙iL
−1
8
Γil
a˙b˙
sa˙Ls
b˙
Lk
lφ˙iR
+
1
64
Γilabs
a
Rs
b
Rk
lΓim
a˙b˙
sa˙Ls
b˙
Lk
m
)
eikφ . (II.18)
1 In order to distinguish the superstring vertex operators from
the vertex operators in IIB matrix model, we denote the closed
superstring vertex operators in calligraphic characters.
8c × 8s sector
The 8c × 8s sector is decomposed into
8c × 8s = [1] + [3] = 8v + 56 , (II.19)
where [1] and [3] denote the 1-form field Ci1 and 3-form
antisymmetric tensor field Cijl3 .
The vertex operator for the third rank antisymmetric
tensor is given by
(Vijl)C3(k) = − 1
4πα′
∫
dτdσ(
V F1a(
1
2
k, τ − σ)RΓijlab˙ V
F
1b˙
(
1
2
k, τ + σ)L
)
, (II.20)
where Γijl
ab˙
is inserted to construct the irreducible tensor.
The vertex operator for the R-R 1-form field is given by
(Vi)C1(k) = − 1
4πα′
∫
dτdσ(
V F1a(
1
2
k, τ − σ)Rγiab˙V F1b˙ (
1
2
k, τ + σ)L
)
. (II.21)
8v × 8s and 8c × 8v sectors
The representation 8v×8s (8c×8v) is decomposed into
8v × 8s = [1] + [3] = 8c + 56s ,
8c × 8v = [1] + [3] = 8s + 56c . (II.22)
The vertex operator for gravitino is given by
(Vi)Ψ(k) = − 1
4πα′
∫
dτdσ(
V F1a(
1
2
k, τ − σ)RV Bi (
1
2
k, τ + σ)L
)
,
(Vi)Ψ(k) = − 1
4πα′
∫
dτdσ(
V Bi (
1
2
k, τ − σ)RV F1a˙(
1
2
k, τ + σ)L
)
.(II.23)
The vertex operator for dilatino is given by
V Φ˜(k) = − 1
4πα′
∫
dτdσ(
V F1a(
1
2
k, τ − σ)Rγiaa˙V Bi (
1
2
k, τ + σ)L
)
,
V Φ˜(k) = − 1
4πα′
∫
dτdσ(
V Bi (
1
2
k, τ − σ)Rγiaa˙V F1a˙(
1
2
k, τ + σ)L
)
. (II.24)
C. IIB matrix model and Green-Schwarz
superstring
The action of IIB matrix model is written as
S = − 1
g2
Tr
(
1
4
[Aµ, Aν ][Aµ, Aν ] +
1
2
ψ¯Γµ[Aµ, ψ]
)
.
(II.25)
5By expanding the matrices
Aµ = pµ + aµ , (II.26)
around the two dimensional NC background,
[pµ, pν ] = iθµν , (II.27)
we obtain two dimensional noncommutative gauge theory
with N = 8 supersymmetry [2, 3, 4]
S =
− θ
8πg2
∫
d2xtr
(
[Dµ˜, Dν˜ ][Dµ˜, Dν˜ ] + 2[D
µ˜, φi][Dµ˜, φi]
+[φi, φj ][φi, φj ] + 2ψ¯Γ
µ˜[Dµ˜, ψ] + 2ψ¯Γi[φi, ψ]
)
∗
,(II.28)
where µ˜, ν˜ = 0, 1 and i, j = 2, · · · , 9. 2 Trace of the
matrices is mapped into the integral of the functions as
Tr→ θ
2π
tr
∫
d2x , (II.29)
where tr is a trace over U(n) gauge group. Noncommu-
tative parameter θ is an off-diagonal matrix element of
the matrix θ ≡ θ01.
In the IR limit, we can identify the perturbative string
spectrum. Firstly,
i) ∗ product reduces to ordinary commutative product
since higher derivatives in the product can be neglected.
The action (II.28) becomes the commutativeN = 8 U(n)
super Yang-Mills in this limit
S = − θ
8πg2
∫
d2xtr
(
F 2µ˜ν˜ + 2(Dµ˜φi)
2 + [φi, φj ][φi, φj ]
+2ψ¯Γµ˜Dµ˜ψ + 2ψ¯Γi[φi, ψ]
)
. (II.30)
This action includes 8 matrix scalar fields φi and 16 ma-
trix spinor fields ψ = (sa, sa˙). These fields transform
in 8v, 8c and 8s representations of SO(8) group. The
perturbative vacua of this action are represented by the
diagonal matrices φi = (φdiag)i, which form the moduli
space of this theory.
By assuming that all the eigenvalues of matrices do not
coincide with each other at any points on the worldsheet,
all excitations of the off-diagonal modes become massive.
Then,
ii) only diagonal elements are relevant in the low en-
ergy limit since massless excitations come from the diag-
onal elements. The interaction terms [φi, φj ][φi, φj ] and
2ψ¯Γi[φi, ψ] vanish since the diagonal components com-
mute. The gauge fields on the worldsheet decouple from
the other fields. It has been found that the IR limit
corresponds to the free string limit [7]. It is therefore
2 The metric is Wick rotated into the Euclidean signature in order
to make contact with NC gauge theory.
consistent to modify the short distance structure of their
construction as we have introduced the noncommutativ-
ity.
We transform the worldsheet coordinates from R2 to
R1 × S1 as
z ≡ x0 + ix1 = eτ+iσ . (II.31)
By the rescaling
ψR → 1√
z
ψR , ψL → 1√
z¯
ψL , (II.32)
we obtain an action for a single string with the winding
number w as a string may wind w times in the σ direction
S = − θ
4πg2
∫ ∞
0
dτ
∫ 2piw
0
dσ(
(∂τφi)
2 + (∂σφi)
2 + ψ¯(Γ+∂+ + Γ
−∂−)ψ
)
.(II.33)
Since the rank of the gauge group is related with the
winding number of the strings as n =
∑
i wi, multiple
strings are obtained in general. GS superstring action
with light-cone gauge is obtained by identifying θ4pig2 ≡
1
4piα′ .
This action (II.33) is invariant under the supersym-
metry transformation with 32 supercharges of type IIA
string theory which originates from N = 2 supersym-
metry transformation in IIB matrix model as follows.
Supersymmetry transformation in IIB matrix model is
written as
δ(1)ψ =
i
2
[Aµ, Aν ]Γ
µνǫ ,
δ(1)Aµ = iǫ¯Γµψ ,
δ(2)ψ = −η ,
δ(2)Aµ = 0 . (II.34)
On the two dimensional background, this transformation
reduces in the IR limit to
δ(1)sa = −φ˙iγiaa˙ǫa˙ , δ(1)sa˙ = − ˙˜φiγia˙aǫa ,
δ(1)φi = 2(ǫ¯
a˙γiaa˙s
a + ǫ¯aγia˙as
a˙) ,
δ(2)sa = −ηa , δ(2)sa˙ = −ηa˙ ,
δ(2)φi = 0 , (II.35)
where we have redefined ηa → ηa + θǫ, ηa˙ → ηa˙ − θǫ
to absorb the constant shift. The factors
√
z and
√
z¯
are absorbed by the redefinition of ǫ and η. γiaa˙ are
the Clebsch-Gordan coefficients among three inequiva-
lent SO(8) representations. This transformation leaves
the Green-Schwarz light-cone string action (II.33) invari-
ant.
6III. SUPERSTRING VERTEX OPERATORS IN
TYPE IIB MATRIX MODEL
In this section, we derive superstring vertex operators
from those of IIB matrix model on two dimensional back-
grounds in the IR limit. We verify the equivalence be-
tween our construction and the light-cone formalism (ex-
cept for the dilaton and dilatino) in subsections 3.1,3.2
and 3.3. For the dilaton and dilatino operators, we can
find a convincing correspondence between the both con-
structions in section 3.4.
A. 8v × 8v sector
Graviton hij
The vertex operators for graviton in IIB matrix model
is written as
V hµν = Stre
ik·A
(
− 1
96
kρkσ(ψ¯ · Γ βµρ ψ) · (ψ¯ · Γνσβψ)
− i
4
kρψ¯ · Γρβ(µψ · F βν) +
1
2
ψ¯ · Γ(µ[Aν), ψ]
+2F ρµ · Fνρ
)
. (III.1)
In the two dimensional background (II.27), the vertex
operators are written in terms of the fields φi, sa and sa˙.
Furthermore, only the diagonal components are relevant
in the IR limit. The symmetric trace Str is mapped into
the integral as
Str→ θ
2π
∫ ∞
0
dτ
∫ 2piw
0
dσ|z|2(· · · ) . (III.2)
By the field redefinition
sa → 1√
wz
sa , sa˙ → 1√
wz¯
sa˙ , (III.3)
and the scaling
τ → wτ , σ → wσ , (III.4)
we obtain the correspondence
Str→ θ
2π
∫ ∞
0
dτ
∫ 2pi
0
dσ(· · · ) . (III.5)
In order to confirm that matrix model vertex operators
are equivalent to superstring vertex operators, we inves-
tigate the IR limit of the graviton vertex operators term
by term.
(a) F µi · Fjµ term
The bosonic part of the graviton vertex operator is
written as
2Streik·AF µi · Fjµ , (III.6)
where we can assume that the graviton has a transverse
polarization. In the two dimensional background, leading
contribution in the low energy limit gives
Streik·AF µ(i · Fj)µ →
θ
π
∫
d2xeik·φ∂−φ
(i
R∂+φ
j)
L ,(III.7)
where
∂± ≡ ∂τ ± i∂σ . (III.8)
Thus, the operator (III.6) reduces to the first term in
(II.15).
(b) − i4kρψ¯Γρβ(iψF βj) term
Since Γ+ and Γ− act on the fermion as
ψ¯RΓ+ijψR = iΓ
ij
abs
a
Rs
b
R ,
ψ¯RΓ−ijψR = 0 ,
ψ¯LΓ+ijψL = 0 ,
ψ¯LΓ−ijψL = iΓ
ij
a˙b˙
sa˙Ls
b˙
L , (III.9)
we obtain
− i
4
StreikAkρψ¯Γρβ(iψF
β
j)
=
i
8π
θ
∫
dτdσeikφ
(
klψ¯Γl−(iψφ˙
j)
R + k
lψ¯Γl+(iψφ˙
j)
L
)
= − θ
8π
∫
dτdσeikφ
(
Γ
(il
abs
a
Rs
b
Rk
l∂+φ
j)
L
+Γ
(il
a˙b˙
sa˙Ls
b˙
Lk
l∂−φ
j)
R
)
, (III.10)
by the field redefinition (III.3). Thus, this term is equiv-
alent to the second and third terms in (II.15).
(c) − 196kρkσ(ψ¯Γ βiρ ψ)(ψ¯Γjσβψ) term
This term reduces to
− 1
192
StreikAkρkσ(ψ¯Γ β(iρ ψ)(ψ¯Γj)σβψ)
= − θ
384π
∫
dτdσeikφ
(
klkm(ψ¯Γ +(il ψ)(ψ¯Γ
−
j)m ψ)
+klkm(ψ¯Γ −(il ψ)(ψ¯Γ
+
j)m ψ)
+klkm(ψ¯Γ n(il ψ)(ψ¯Γj)mnψ)
+k−k−(ψ¯Γ n(i− ψ)(ψ¯Γj)−nψ)
)
=
θ
384π
∫
dτdσeikφ
(
2Γ
(il
abs
a
Rs
b
Rk
lΓ
j)m
a˙b˙
sa˙Ls
b˙
Lk
m
+4Γ
(iln
aa˙ s
a
Rs
a˙
Lk
lΓ
j)mn
bb˙
sbRs
b˙
Lk
m
+k−k−ΓinabsasbΓ
mn
cd scsd
)
=
θ
64π
∫
dτdσeikφΓ
(il
abs
a
Rs
b
Rk
lΓ
j)m
a˙b˙
sa˙Ls
b˙
Lk
m , (III.11)
which is equivalent to the last term in (II.15).
(d) 12 ψ¯ · Γ(i[Aj), ψ] term
7This term vanishes in the IR limit.
Next, let us consider the light cone momentum in the
exponential factor k · φ = kiφi − k−φ+ − k+φ−.3 Gauge
fields exist in this factor as
k−φ+ + k+φ− = k−(p+ + a+) + k+(p− + a−) .
(III.12)
The correlation function between the gauge fields is given
by
〈eik−1 a+1 (z1) · eik
+
2
a−
2
)(z2)〉 ∼ |z1 − z2|−α′k
−
1
k+
2 ,
(III.13)
where α′ = g2/θ. If we put together the correlation func-
tions between the gauge fields and scalar fields, the mo-
mentum dependent power of (III.13) is summed up in
the covariant form. It is because we started with the
covariant IIB matrix model action.
On the other hand, in the light-cone gauge formalism,
k ·φ = kiφi−k−φ+ = kiφi−k−α′(p+τ+x+) where k+ =
0. After rotating τ → −iτ , the light-cone momentum in
the vertex operator gives a factor
e−α
′k−
1
p+τ1 |k2〉 ∼ e−α′τ1k
−
1
k+
2 |k2〉
∼ |z1 − z2|−α′k
−
1
k+
2 |k2〉 (III.14)
to the scattering amplitude. This factor is also summed
up in the covariant form if we put together the contribu-
tion from the transverse and longitudinal modes. Thus,
the light-cone momentum contributes consistently to the
amplitude in the both formalism.
In this way, through the calculations (a),(b),(c) and
(d), we have verified that the graviton vertex operator in
IIB matrix model (II.7) reduces in the IR limit to
V hij = Stre
ik·A
(
− 1
96
kρkσ(ψ¯ · Γ βiρ ψ) · (ψ¯ · Γjσβψ)
− i
4
kρψ¯ · Γρβ(iψ · F βj) +
1
2
ψ¯ · Γ(i[Aj), ψ]
+2F ρi · Fjρ)
→ θ
π
∫ ∞
0
dτ
∫ 2pi
0
dσeik·φ
(
φ˙
(i
Rφ˙
j)
L −
1
8
Γ
(il
abs
a
Rs
b
Rk
lφ˙
j)
L
−1
8
Γ
(jl
a˙b˙
sa˙Ls
b˙
Lk
lφ˙
i)
R
+
1
64
Γ
(il
abs
a
Rs
b
Rk
lΓ
j)m
a˙b˙
sa˙Ls
b˙
Lk
m
)
= (Vij)h , (III.15)
3 In the light-cone gauge evaluations, we put k+ = 0 except for
the initial and final states.
which is the graviton vertex operator in type IIA super-
string theory.
Second rank antisymmetric tensor Bij
The vertex operator for Bij in type IIB matrix model is
shown in (II.4) and (II.10). We will verify that (II.10) in
the two dimensional background is equivalent to (II.17),
which is Bij type superstring vertex operator. For the
graviton vertex operators, we have explicitly checked the
equivalence term by term. But since (II.10) consists of
many terms compared to (II.7), we verify the equality in
a systematic way.
The operator in IIB matrix model which reduces to
Bij type (1,1) operator should be either of the following
four forms
(ψ¯Γi···ψ)L(ψ¯Γj···ψ)R · · · ,
(ψ¯Γi···ψ)L(Fj···)R · · · ,
(Fi···)L(ψ¯Γj···ψ)R · · · ,
(Fi···)L(Fj···)R · · · . (III.16)
They should not contain no extra dimensionful operators.
The terms in (II.10) which are of the forms (III.16) are
only the following three terms
Streik·A
(
i
64
(ψ¯ · k/Γµαψ) · Fαβ(ψ¯ · k/Γβνψ)
+
1
8
(ψ¯ · Γµσk/ψ) · F σα · Fαν
−iFµρ · F ρσ · Fσν) . (III.17)
Other terms do not reduce to the (1,1) operators and
do not give any contributions to the amplitude in the
IR limit. By the field redefinition (III.3) and the scaling
(III.4), we find that these terms are equivalent to
θ
π
∫
dτdσeikφ
(
∂−φ
[i
R∂+φ
j]
L −
1
8
Γ
[il
abs
a
Rs
b
Rk
l∂+φ
j]
L
−1
8
Γ
[il
a˙b˙
sa˙L∂−φ
j]
Rs
b˙
Lk
l
+
1
64
Γ
[il
abs
a
Rs
b
Rk
lΓ
j]m
a˙b˙
sa˙Ls
b˙
Lk
m
)
, (III.18)
which is indeed the Bij superstring vertex operator
(II.17). Thus, we have verified that, in the two dimen-
sional background, the antisymmetric two form vertex
operator in IIB matrix model (II.10) reduces to
i
θ
V B
c
ij =
θ
π
∫
dτdσeikφ
(
∂−φ
[i
R∂+φ
j]
L
−1
8
Γ
[il
abs
a
Rs
b
Rk
l∂+φ
j]
L −
1
8
Γ
[il
a˙b˙
sa˙L∂−φ
j]
Rs
b˙
Lk
l
+
1
64
Γ
[il
abs
a
Rs
b
Rk
lΓ
j]m
a˙b˙
sa˙Ls
b˙
Lk
m
)
. (III.19)
Dilaton Φ
Although the dilaton vertex operators in IIB matrix
model are not completely determined yet, we can find
8a convincing correspondence between the matrix model
vertex operators and the superstring vertex operators.
We will discuss this consistency in section 3.4.
B. 8c × 8s sector
Since we start from the type IIB supergravity multi-
plet, the R-R sector includes 2-form and 4-form fields.
From them, we can obtain 1-form and 3-form fields by
singling out the light-cone (-) direction.
The third rank antisymmetric tensor Cijl
Vertex operator for the 4-form field in IIB matrix
model is present in (II.8) as
V Cµνρσ = Stre
ik·A
(
i
8 · 4!kαkγ(ψ¯ · Γ
α
[µνψ) · (ψ¯ · Γ γρσ]ψ)
+
i
3
ψ¯ · Γ[νρσ[ψ,Aµ]] + 1
4
F[µν · (ψ¯ · Γ γρσ]ψ)kγ
−iF[µν · Fρσ]
)
. (III.20)
We can obtain the operators for 4-form, 3-form and 2-
form fields from the vertex operator (III.20) as
(Vijlm)
C , (III.21)
(V −ijl)
C , (III.22)
(V +ijl)
C , (III.23)
(V +−ij)
C . (III.24)
We will show that only the 3-form (III.22) survives in the
IR limit.
First of all, we discuss the 4-form vertex operator
(III.21). The first term in the operator (III.21) is de-
composed into
Streik·A
i
8 · 4!
(
knkp(ψ¯ · Γ n[ij ψ) · (ψ¯ · Γ plm]ψ)
+k+kp(ψ¯ · Γ +[ij ψ) · (ψ¯ · Γ plm]ψ)
+k−kp(ψ¯ · Γ −[ij ψ) · (ψ¯ · Γ plm]ψ)
+knk+(ψ¯ · Γ n[ij ψ) · (ψ¯ · Γ +lm]ψ)
+knk−(ψ¯ · Γ n[ij ψ) · (ψ¯ · Γ −lm]ψ)
+2k+k−(ψ¯ · Γ +[ij ψ) · (ψ¯ · Γ −lm]ψ)
)
. (III.25)
The first term and the last term in (III.25) vanish be-
cause i, j, l and m are antisymmetric. Other terms do
not contain (1,1) operators in the IR limit. Thus, this
term does not contribute to the amplitude. The second
term in the 4-form (III.21) vanish in the IR limit since ψ
and Ai commute. The third and fourth terms in (III.21)
apparently do not contain (1,1) operator in the IR limit.
Thus, we have confirmed that 4-form (III.21) does not
contribute to the amplitude.
In order to obtain the 3-form field, we put µ direction
with the − direction. Then, the first, third and fourth
terms in (III.22) vanish from the condition that the in-
dices i, j and l are antisymmetrized. By redefining the
field as (III.3) and (III.4), the third term in (III.22) re-
duces to
(V −ijl)
C4 = Streik·φ
i
3
ψ¯ · Γ[ijl][ψ,A−]
=
iθ
3π
∫
dτdσeikφsaRΓ
[ijl]
ab˙
sb˙L|wz|[kφ, p−]∗
= k−
θ
3π
∫
dτdσsaRΓ
[ijl]
ab˙
sb˙Le
ikφ |p+|
θ
.(III.26)
In the last line, we use the canonical commutation rela-
tion [p+, p−] = θ. The initial state can be represented
by a coherent state exp(k+pˆ−)|0〉. Since wzˆ+ = pˆ+/θ on
a NC plane, wzˆ+ is fixed to be wzˆ+ = |p+|/θ. Semi-
classically we also find that wzˆ− = |p+|/θ since |p+| is
real. In this way, we have obtained the 3-form field in
8c × 8s sector. Thus, we have verified that the vertex
operator (III.22) reduces to the superstring vertex oper-
ator (II.20). In this reduction, fermions have dimension
(12 ,
1
2 ) and the background A
− → p− is interpreted to
have dimension (12 ,
1
2 ).
If we single out the opposite direction +, we obtain the
3-form field (V +ijl)
C . This operator vanishes
(V +ijl)
C4 = Streik·φ
i
3
ψ¯ · Γ[ijl][ψ,A+]
=
iθ
3π
∫
dτdσeikφsaRΓ
[ijl]
ab˙
sb˙L|wz|[kφ, p+]∗
= 0 , (III.27)
since k+ = 0.
Finally, by the properties that Lorentz indices are an-
tisymmetric, one can confirm that 2-form (III.24) does
not contribute to the amplitude.
In this way, we have verified that the 4-form matrix
model vertex operator (II.10) reduces to the 3-form su-
perstring vertex operator (II.20) by singling out the −
direction.
One form field Ci
From (II.10), we can obtain the operators for 2-form,
1-form and scalar fields as
(Vij)
B , (III.28)
(V −i)
B , (III.29)
(V +i)
B , (III.30)
(V +−)B . (III.31)
2-form (III.28) reduces to Bij superstring vertex operator
(II.17) as we have verified in the previous section.
91-form (III.29) and (III.30) reduce to
i
θ
(V −i)
B =
−1
2θ
Streik·Aψ¯ · Γ−iα[Aβ , ψ] · Fαβ
= − i
2π
∫
dτdσeikφsaRγ
i
ab˙
sb˙L|wz|[p−, kφ]∗
= k−
θ
2π
∫
dτdσeik·φsaRγ
i
ab˙
sb˙L
|p+|
θ
, (III.32)
i
θ
(V +i)
B = 0 . (III.33)
Other terms in (III.29) do not contribute to the ampli-
tude in the IR limit. One can also confirm that 0-form
(III.31) does not contribute to the amplitude. The opera-
tors in (II.4) do not contribute or they have the dimension
(12 ,
1
2 ), (1, 0) or (0, 1).
Thus, we have verified that matrix model vertex op-
erator (II.10) reduces to the superstring vertex operator
(II.21) by singling out the − direction.
C. 8v × 8s (8c × 8v) sector
Gravitino Ψi
The vertex operator for gravitino Ψµ in IIB matrix
model is shown in (II.6) and (II.9). The vertex operator
(II.6) is
V Ψµ = Stre
ik·A
(
− i
12
(ψ¯ · k/Γµνψ)− 2Fµν
)
· ψ¯Γν .
(III.34)
By the field redefinition (III.3) and the scaling (III.4), it
reduces to
V Ψi =
− θ
2π
∫
dτdσeikφ
((
−2φ˙i + 1
4
Γilabs
asbkl
)
R
sa˙L
√
wz
+
√
wz¯saR
(
−2φ˙i + 1
4
Γil
a˙b˙
sa˙sb˙kl
)
L
)
=
θ
π
∫
dτdσeikφ
((
φ˙i − 1
8
Γilabs
asbkl
)
R
√
p+
θ
sa˙L
+
√
p+
θ
saR
(
φ˙i − 1
8
Γil
a˙b˙
sa˙sb˙kl
)
L
)
. (III.35)
In this way, we have shown that (II.6) is equivalent to
the superstring vertex operator in (II.23). One can check
that the matrix model vertex operators for the conjugate
gravitino (II.9) do not contribute to the amplitude in the
IR limit.
D. Dilaton and dilatino
Dilaton Φ
The dilaton vertex operator in IIB matrix model is
shown in (II.1)
Streik·A , (III.36)
and (II.13)
V Φ
c
= Streik·A(
i
2
(ψ¯ · Γµνk/ψ) · (Fµρ · F ρσ · Fσν − 1
4
F ρσ · Fσρ · Fµν)
− (Fµν · F νρ · Fρσ · F σµ
−1
4
Fµν · F νµ · Fρσ · F σρ
)
+ · · ·
)
. (III.37)
In the two dimensional background, by the field redefini-
tion (III.3) and the scaling (III.4), the explicitly written
terms in (III.37) reduce to
θ
π
∫
dτdσeikφ
(
−1
8
Γilabs
a
Rs
b
Rk
l∂+φ
i
L
−1
8
∂−φ
i
RΓ
il
a˙b˙
sa˙Ls
b˙
Lk
l + ∂−φ
i
R∂+φ
i
L
)
. (III.38)
These terms are present in (II.18) and the relative nu-
merical coefficients also agree. But the last term in the
superstring vertex operator (II.18) is missing. This term
may come from the undetermined terms in (II.13), for
example,
Streik·A(ψ¯ · Γλρk/ψ)(ψ¯ · Γλρk/ψ) · FµνFνµ . (III.39)
We also need to examine the other terms, that is, (· · · ) in
(III.37). Explicitly determined terms in the (conjugate)
dilaton vertex operators in the paper [12] is (III.37) and
Streik·A(
1
8 · 8!(ψ¯ · Γ
αγk/ψ) · (ψ¯ · Γγδk/ψ) · (ψ¯ · Γδβk/ψ) · (ψ¯ · Γαβk/ψ)
+
i
48
(ψ¯ · Γµνρσλτ k/ψ) · Fµν · F ρσ · Fλτ
+[Aµ, ψ¯] · ΓρσΓνψ · Fµν · F ρσ
)
. (III.40)
Therefore, we should check the behavior of these terms.
Since the total dimension of the first term in (III.40) is
four, there are no (1,1) operators in this term. In order to
obtain (1,1) operators from the second term in (III.40),
we need to fix Fµν = F ρσ ≡ F+−. Apparently, this
term does not contribute to the amplitude since it van-
ishes by the Γ+−+− projection. The last term in (III.40)
does not survive by the similar reason. Unless at least
two of ρ, σ and ν are transverse indices, we cannot find
the (1,1) operator. But if we choose ρ and σ to be the
transverse directions as ρ = i and σ = j, total dimension
of the operator becomes three. Thus, we have confirmed
that the other terms than (III.37) which are explicitly
constructed in [12] do not contribute to the amplitude.
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Although there are many unknown terms in the matrix
model vertex operators (II.13), such operators should re-
duce to the (1,1) operators in (II.18). We thus believe
that all the terms boil down to the superstring vertex
operators (II.18).
Dilatino Φ˜
The vertex operator for Ψµ in type IIB matrix model is
shown in (II.3) and (II.12). The dilatino vertex operator
in (II.12) reduces to that in superstring as
− 1
θ2
V Φ˜
c
= − 1
θ2
Streik·A
(
− 1
12
Fµα · Fαβ · (ψ¯ · k/Γβνψ) · ψ¯Γµν
+iψ¯ · Γµν(Fµρ · F ρσ · Fσν − 1
4
F ρσ · Fσρ · Fµν)
)
=
θ
π
∫
dτdσeikφ
√
p+
θ
(
−1
8
Γijbcs
b
Rs
c
Rk
jΓiaa˙s
a˙
L
+φ˙RΓ
i
aa˙s
a˙
L +R↔ L
)
. (III.41)
Other known terms do not contribute to the amplitude
as they are not (1, 1) operators. In the same reasoning,
matrix model vertex operator (II.3) does not contribute
to the amplitude. Although there remain undetermined
terms in dilatino vertex operators in IIB matrix model,
we believe that complete set of the operators is equivalent
to those in type IIA superstring theory.
IV. CONCLUSION
We have constructed type IIA closed string vertex op-
erators directly from IIB matrix model on the two dimen-
sional noncommutative backgrounds. The vertex opera-
tors which couple to supergravity multiplet were deter-
mined up to the six-th order of Majorana-Weyl spinor
λ in IIB matrix model [12]. In our analysis, gravitino,
graviton, the fourth rank antisymmetric tensor field and
the second rank antisymmetric tensor fields which con-
tains up to 6 λ’s, show the perfect agreement with the
corresponding superstring vertex operators. In this com-
parison, the identification of noncommutative scale 1θ
with string scale α′ has played an important role, which
we have adopted in the process of deriving the action
[5]. Originally, the scale in NC gauge theory is identi-
fied with string scale in the dual supergravity description
[20, 25, 26]. Since we take the commutative limit in our
formulation, the direct relation between UV finiteness
of string scattering amplitude and the regularization of
UV divergence which give rise to UV/IR mixing effect in
noncommutative gauge theory is unclear. It is interesting
to investigate the relation between them in our formula-
tion. The results in this paper and the previous paper [5]
are summarized in Figure 1. The process (1)+(2) is de-
scribed in [5]. In this paper, the relation (4) is explicitly
demonstrated, which can be regarded as the confirma-
tion of the other process, especially process (3). At the
first sight, on two dimensional backgrounds of IIB matrix
model, the vertex operators are extremely complicated.
But supersymmetry restricts the possible terms and the
operators relevant to the amplitudes become the same as
the vertex operators in superstring theory. After identi-
fying the physical states, we can calculate the multi-point
scattering amplitude in a standard way.
We have not yet reproduced the complete vertex op-
erators in IIB matrix model due to algebraic complexity.
Since the complete forms of the conjugate dilatino and
dilaton vertex operators are not yet known, we can not
compare these operators. However, we have found all the
necessary pieces of each GS superstring vertex operator
in IIB matrix model vertex operators even in those cases.
IIB matrix model            vertex operators in IIB matrix model
Lightcone GS superstring action       V.O. of GS superstring
FIG. 1: Vertex operators for Green-Schwarz light-cone super-
string are derived from IIB matrix model. The constructions
(1)+(2) and (3)+(4) should give the same result.
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APPENDIX A: OPEN SUPERSTRING VERTEX
OPERATORS
The bosonic (vector) and fermionic (spinor) vertex op-
erators of light-cone open superstring are written as
VB(ζ, k) = ζ
µV Bµ (k) = (ζ
iBi − ζ−B+)eik·φ ,
VF (u, k) = u
aV F1a(k) + u
a˙V F2a˙(k) = (u
aF a1 + u
a˙F a˙2 )e
ik·φ .
(A.1)
where Bi, B+, F a1 and F
a˙
2 are written in terms of φi and
sa as
B+ = p+ ,
Bi =
(
φ˙i −Rijkj
)
,
F a˙2 = (2p
+)−1/2
[
(Γ · φ˙s)a˙ + 1
3
(Γis)a˙Rijkj
]
,
F a1 = (
p+
2
)1/2sa . (A.2)
11
sa belong to 8s representation in our convention. R
ij(τ)
is defined by
Rij(τ) =
1
4
Γijabs
a(τ)sb(τ) , (A.3)
where
Γijab ≡
1
2
(γiaa˙γ
j
a˙b − γjaa˙γia˙b) . (A.4)
The matrices Γi are represented in the 16-dimensional
(8s + 8c) representation of spin (8) as
Γi =
(
0 γiaa˙
γi
b˙b
0
)
. (A.5)
We consider the operators which carry the momentum kµ
with k+ = 0, (ki)2 = 0. (ζ+, ζ−, ζi) represents the wave
function for the vector state, and (ua, ua˙) represents the
wave function for the spinor state.
APPENDIX B: TYPE IIA CLOSED STRING
STATES IN TYPE IIB MATRIX MODEL
In order to calculate the multi point superstring am-
plitude, we have to identify closed string states. Closed
string states are constructed by the direct products of the
left movers and right movers in string theory. In IIB ma-
trix model on the two dimensional background, we can
also construct closed string states in a radial quantiza-
tion as the product of the separate states corresponding
to the left movers and right movers, respectively.
Since the origin in the coordinate system z becomes
the infinite past in the conformal mapping (II.31), we
can insert a local operator at the origin and obtain its
charges by the appropriate contour integrals around the
origin. The asymptotic states correspond to the local
operators. 4
Before we define the massless ground states of closed
strings, we define the massless ground states of open
strings
|i〉 , |a˙〉 , (B.1)
as the states in the 8v(8c) representation of spin (8).
They are normalized as
〈i|j〉 = δij , 〈a˙|b˙〉 = δa˙b˙ . (B.2)
Any physical states |Λ, k〉 are obtained by inserting the
vertex operators in the far past as
|Λ, k〉 = lim
τ→−∞
e−τVB(k)|0, 0〉 . (B.3)
It is because zero mode operator Z0 acts as
Z0|0, 0〉 ≡ eik·φzk·p+1|0, 0〉 = z|0, k〉 ,
〈0, 0|Z0 ≡ 〈0, 0|zk·p−1eik·x = 1
z
〈0, k| . (B.4)
The massless vector states transform as
Rij0 |k〉 ≡
1
4
sa0Γ
ij
abs
b
0|k〉
= δjk|i〉 − δik|j〉 . (B.5)
where s0 is the zero mode of s. R0 is the zero mode
helicity operator. The massless spinor states transform
as
Rij0 |a˙〉 = −
1
2
Γij
a˙b˙
|b〉 . (B.6)
The ground states are mapped to each other by the
fermionic zero mode as
sa0 |a˙〉 =
1√
2
Γiaa˙|i〉 ,
sa0 |i〉 =
1√
2
Γiaa˙|a˙〉 . (B.7)
A vector state |ζ〉 is defined by
|ζ〉 = |i〉ζi , (B.8)
and a spinor state |u〉 is defined by
|u〉 = |a˙〉u
a˙(k)√
k+
. (B.9)
Closed string states are constructed by the direct product
of the left-movers and right-movers.
4 They become fuzzy at the NC scale.
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